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Abstract Maximum cut (Max-Cut) problem is one of the most important combinatorial optimization problems because of its various
applications in real life, and recently Quantum Approximate Optimization Algorithm (QAOA) has been widely employed to solve it.
However, as the size of the problem increases, the number of qubits required will become larger. With the aim of saving qubits, we propose
a coupling framework for designing QAOA circuits to solve larger-scale Max-Cut problems with conditional performance guarantee and
nice numerical performance. To do this, we introduce a novel reformulation of the Max-Cut problem, and the problem will be partly
solved using a classical approximation algorithm which is embedded into the QAOA circuit. Notably, our formalism makes it possible to
derive an approximation guarantee theoretically assuming the approximation ratio of the classical algorithm and QAOA. The analytical
results show that if QAOA has a provable quantum advantage, namely a better approximation ratio than the classical algorithms, then
the quantum advantage can be extended to problems with sizes much beyond available qubit numbers. Furthermore, we design a heuristic
approach that fits in our framework and perform sufficient numerical experiments, where we solve Max-Cut on various 24-vertex Erd&s-
Rényi graphs. Our framework only consumes 18 qubits and achieves 0.9950 approximation ratio on average, which outperforms the
previous methods showing 0.9778 (quantum algorithm using the same number of qubits) and 0.9643 (classical algorithm). The numerical
results indicate our well-designed quantum-classical coupling framework gives satisfactory approximation ratios while reducing the qubit
cost, allowing us to extend the potential quantum advantage of QAOA to larger-scale Max-Cut problems, which sheds light on more
potential computing power of NISQ devices.

Keywords variational quantum algorithm, quantum approximate optimization algorithm, Max-Cut, quantum resources
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1 Introduction

The Quantum Approximate Optimization Algorithm (QAOA) is a hybrid quantum-classical approach for combi-
natorial optimization problems, proposed by Farhi et al. [1]. Here, hybrid means that QAOA is composed of a
parameterized circuit (ansatz) whose measurement outcome can be mapped to the value of the objective function,
and the parameters are updated with a classical optimizer that maximizes (or minimizes) the expected value of the
objective function. Delegating some computational processes to the classical domain grants QAOA a comparatively
shallower circuit, making it more applicable to NISQ [2—6] devices. Also, as the circuit for QAOA is a parameterized
one, it is easier to be modified and adapted to different types of quantum computers [7]. Moreover, the quantum
gates required to implement a QAOA circuit are comparatively simple. For instance, the QAOA circuit for solving
the maximum cut (Max-Cut) problem only comprises CNOT and single qubit rotation gates, which are much more
friendly to physical realization than Toffoli gates, etc. Therefore, QAOA is more compatible with NISQ devices
than other complex quantum algorithms such as Shor’s algorithm [8], Grover’s algorithm [9,10].

Since its introduction, QAOA has attracted considerable theoretical and experimental attention [11-16]. Starting
from the original paper of QAOA [1], Max-Cut problem has always been used as a good example to demonstrate
QAOA’s capabilities. Max-Cut problem is a classical NP-hard problem in graph theory and has applications in
statistical physics and integrated circuit design. Furthermore, as a combinatorial optimization problem with simple
constraints and objective function, solutions to Max-Cut problem can be potentially generalized to other hard
optimization problems [17]. This paper also investigates how to solve the Max-Cut problem with QAOA. When
using QAOA to solve Max-Cut problem on a graph, the number of qubits required is usually equal to the number
of vertices in this graph. But the number of available qubits seems to be constrained in the near future. First of
all, the qubits are quite expensive currently [18-20]. What’s worse, the scaling of qubit count is a big challenge,
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as technologies used to realize quantum computers (ion traps, superconductors, etc) have strong limitations on the
scaling of the number of qubits [21-24]. Thus, it is a good question whether we can reduce the number of qubits
required to deal with a specific problem instance. We thus work on this direction, and we propose a coupling
framework to solve Max-Cut problem with fewer qubits.

It is important to acknowledge that establishing an unconditional theoretical advantage for QAOA remains a
fundamental challenge, reflecting the broader unresolved separation between classical and quantum complexity
classes (i.e., BPP vs BQP). However, while a general proof is not yet available, substantial progress has been made
under specific constraints. Recent literature has demonstrated that QAOA can achieve superior approximation ratios
compared to classical algorithms in specific instances [11,12,25-27]. These findings provide compelling evidence
that QAOA has the potential to outperform classical algorithms in specific regimes, validating the motivation to
investigate QAOA on larger problem instances as seen in [28,29] and within this work.

With the aim of solving Max-Cut with fewer qubits, efforts have been made in [28,29], where the authors split
the graph into several subgraphs and solve Max-Cut on the subgraphs independently, and then combine the cuts
of subgraphs into a global cut. In the combination step, both methods only keep a small amount of candidate
solutions, determined by their optimality inside the subgraph, and then try to select an optimal combination of the
kept candidate solutions in subgraphs to maximize the overall cut. These methods allow for using an arbitrary small
number of qubits for a given problem instance, by recursively partitioning the graph until the number of vertices
is smaller than the number of available qubits. Moreover, for graphs innately composed of several dense subgraphs
connected by a few edges, such splitting and combining strategy is reasonable for the cut is largely determined by
edges inside the dense subgraphs, and the edges joining the subgraphs are relatively insignificant. But for general
cases, Max-Cut is not a problem with much locality — a cut may not be so good in a subgraph, but can be a part
of a nice solution for the whole graph. Therefore, due to the existence of such bold greedy reduction that discards
locally bad solutions without much analysis, it is hard to mathematically derive a strong performance guarantee
for such methods.

Considering the issues of previous works mentioned above, we propose a method that incorporates a classical
approximation algorithm as part of the QAOA circuit, leaving some vertices and edges to be handled by classical
computation. By combining quantum and classical computation, our method applies to more general graph instances
and achieves better numerical results than previous works that only used quantum computation. In addition to
numerical results, we also derive a formula that lower bounds the performance guarantee with some mathematical
analysis, assuming the approximation ratio of the classical algorithm and the quantum approximate optimization.
Moreover, as we want to keep the overall method at least better than the classical one, we also analyze the portion
of qubits that can be saved while this condition holds.

This paper is organized as follows. Section 2 reviews the definition and computational hardness of Max-Cut, along
with the overall scheme of QAOA and the QAOA circuit for Max-Cut. Section 3 presents a general framework of
our method and analyzes its performance. Section 4 discusses the implementation of the classical algorithm required
in this framework and gives the simulation results compared with previous works, and Section 5 concludes with a
summary of our results and some further discussions.

2 Preliminaries

This section reviews the definition of the maximum cut (Max-Cut) problem and the structure of QAOA, which are
fundamental to the following parts. We also introduce the concept of Erdés-Rényi graphs which serve as the main
testbed in our numerical experiments.

2.1 Max-Cut problem

As a well-known NP-hard problem, Max-Cut problem is described as follows:

ama S [o(u) # o) (1)
(u,v)EE
where ¢ is a binary coloring of vertices. Note that such a coloring can be represented using a binary string
s € {0,1}™, where s; denotes the color of the i-th vertex.
No polynomial time algorithm solves Max-Cut accurately, so efficient algorithms proposed to solve Max-Cut
problem only give approximate solutions [30-36]. Usually, these approaches have been benchmarked by the approx-

imation ratio of obtained solutions, which is the value of the obtained solution divided by the optimal solution. In
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Table 1 Approximation ratio upper bound, denoted by aop¢, for classical algorithms on Max-Cut.

Qopt Assumption

~ 878 [33]

(Goemans-Williamson P 7& NP .
algorithm) unique games conjecture
A2 .941 [37,38] P#NP

classical computation, the approximation ratio of any efficient algorithm is upper bounded under currently unfal-
sified complexity conjectures, see Table 1. However, it is worth mentioning that the upper bounds apply to the
worst-case approximation ratio on any graph. In other words, for any efficient classical algorithm, there will be an
infinite set of hard cases where it cannot do better than a,p¢. But in average cases, classical algorithms usually give
much better results (with an approximation ratio higher than .878). For example, the best-known algorithm for
general cases, Goemans-Williamson algorithm, achieves no less than .878 on any graph, but on Erdés-Rényi random
graphs, it usually shows over .9-approximation in experiments. So the reader might not be confused when seeing
such cases, and when comparing a quantum algorithm with classical ones numerically, we need to do case-by-case
comparisons, as indicated in [39]. Now we describe two classical algorithms which will be mentioned in the following
sections.

Naive random algorithm For a graph G, we independently assign each vertex a random color. This results in a
random algorithm with % approximation ratio, namely the expected output is at least half of the optimal solution.
The detailed process is given in Algorithm 1.

Local search A local search algorithm starts from an arbitrary feasible solution to the problem and incrementally
modifies the solution until reaching a local optimum. For the case of Max-Cut, a local search algorithm might look
like Algorithm 2. In the pseudo code, S A {u} means symmetric difference of S and {u}, i.e., removing u from S
ifue SoraddutoS if u¢gS. The procedure is bound to stop in polynomial iterations and guarantees to give a
solution with at least % approximation ratio.

Algorithm 1 Naive Max-Cut algorithm Algorithm 2 Local search for Max-Cut
Require: A graph G = (V, E). Require: A graph G = (V, E).
Ensure: A cut that achieves expected %—approximation. Ensure: A cut that achieves %—approximation.
1. S+ 0 1: S + So {initial cut solution}
2: for u € V do 2: while Ju, cuT(S A {u}) > cur(S) do
3:  wis added to S with § probability 3 S« Sa{u}
4: end for 4: end while
5: return (S,V —S) 5: return (S,V —S)

Though local search does not theoretically ensure a high approximation ratio, it does demonstrate good perfor-
mance in experiments. Moreover, it is quite simple and scalable, so in later sections, we implement our heuristic
method on top of it.

2.2 QAOA

Besides the classical algorithms for Max-Cut problem, some QAOA-based quantum algorithms have been introduced
recently. QAOA is a quantum-classical hybrid method for combinatorial optimization, solving problems that look
as follows [1]:

Given C': {0,1}" — R, find max C(s).
se{0,1}»

This cost function C' can be encoded into a problem Hamiltonian

Ho= Y C(s)ls) (sl 2)

se{0,1}»
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and in QAOA, the combinatorial optimization problems are reformulated into approximately finding the ground state
and ground energy of —H ¢, which is done with a hybrid optimization procedure. Firstly, prepare the parameterized

unitary transformation, which can generate the following state when operating on |+>®n7 ie.,
P
18,7) = <H eXP(_iﬁkHB)eXp(_i’YkHC)> +)®", (3)
k=1

with Hg = ZZL:I X, p being the number of layers for QAOA and 3,~ € [0, 2m)P being parameter vectors. Secondly,
update the parameters 3,~ using a classical optimizer to maximize the expected measurement outcome,

(B 7") = ar%max (B,v|Hc |B,7) - (4)
Y

Thus, the approximation ratio will be

<ﬁ*?7*|HC ‘/6*,7*> _mins C(S) (5)
mgaxC(s) —minC(s) '

Before explaining how to realize the above process in the language of quantum circuits, it is necessary to review
some elementary quantum gates we will use in our paper, including 1-qubit gates Rx (rotation along X-axis), Rz
(rotation along Z-axis), H (Hadamard gate),

Rx(0) =< C_OS,(G/ 2) —isin(9/2>>7
—isin(6/2) cos(0/2)

e-i(0/2)

gl (11
V21 1)’

(where § € R is a parameter denoting rotation angle) and 2-qubit controlled-NOT gate along with its circuit
notation Figure 1(a)

1000
0100
0001
0010

CNOT =

la) —— |a) u-th qubit

b) <~ [b @ a) v-th qubit —b— Rz (—) b
(@ (b)

Figure 1 (a) Circuit notation of CNOT gate, which means the target qubit (marked with @) is flipped iff the control qubit (marked with e)
is in state |1). (b) Adding a phase factor depending on whether two qubits u, v share the same value.

Now we show how to construct the unitaries above required by QAOA. The exp (—ifxHp) part is straightforward
as it is simply a layer of Rx (8x) gates. Now we consider exp (—iyy Ho). When solving Max-Cut problem with QAOA,
we use an s € {0,1}" to encode the coloring of vertices, and C(s) would be the number of edges whose endpoints
are colored differently. And for such C(s), exp(—iyxH¢) can be implemented by applying the circuit shown in
Figure 1(v) for all edges (u,v). Apparently, the circuit in Figure 1(b) add phase factors depending on whether u-th
and the v-th qubits are in different states, and the phase factors thus accumulate to the whole cut size (up to a
global phase factor). Actually, Max-Cut problem has an equivalent Ising formulation

> z.Z,. (6)

(u,v)EE
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The authors of [1] have proved that the approximation ratio approaches 1 when p tends to infinity. But with moder-
ate circuit depth, QAOA hasn’t been proved theoretically to achieve a better approximation ratio than best-known
classical algorithms. However, in numerical experiments, QAOA does seem to show nice performance in shallow
circuit depth. For example, Crooks [39] shows for Erdés-Rényi graphs with up to 17 vertices, QAOA significantly
outperforms Goemans-Williamson algorithm when the hyperparameter p grows to 8, and the approximation ratio
is very close to 1 when p is set 32. Therefore, it is promising to achieve quantum advantage with QAOA, namely,
obtain better cut solutions on certain problem instances than efficient classical algorithms. In the following sections,
we describe our coupling framework which embeds a classical approximation algorithm with QAOA which will be
able to use fewer qubits to solve Max-Cut problem. We demonstrate its performance theoretically and numeri-
cally. Due to the good numerical performance of QAOA, our framework indeed gives good results in numerical
experiments and outperforms currently the best-known classical algorithm.

2.3 Erdds-Rényi Graphs

The Erdés—-Rényi model G(n,p) is a canonical random graph distribution where each of the (g) possible edges
appears independently with probability p. Due to its statistical uniformity, G(n,p) serves as a rigorous benchmark
for analyzing the average-case complexity of NP-hard problems, particularly the Max-Cut problem. It is also widely
employed in numerical experiments to evaluate the performance of QAOA [12,29,39].

For the Max-Cut problem on Erdos-Rényi graphs, certain algorithms can explicitly exploit the graph’s statistical
properties. Examples include Approximate Message Passing (AMP) [40] and spectral methods [41]. However,
despite the existence of these specialized methods, the Goemans-Williamson algorithm remains a strong, general-
purpose baseline for Max-Cut on Erdés-Rényi graphs and is extensively used as a reference in QAOA studies.

3 Theoretical results

dense subgraph sparse remainder
(quantum method) (classical method)

(a) (b) (c)

Figure 2 An example of graph splitting. (a) The original graph. (b) Select a dense graph indicated by blue vertices. (c) Split the graph and
use different methods on different parts. It is clear from (c) that the blue subgraph is comparatively denser.

Despite the proof of quantum advantage for the original QAOA referred in [1] being hard, for a new coupling
framework below we can give some theoretical results assuming the approximation ratio of QAOA is known. Firstly
we give a reformulation of Max-Cut and a new variant of the Max-Cut that leads to our new framework. Then we
present details of our framework and give some performance analysis.

3.1 Framework description

When given a Max-Cut problem, if we use QAOA to solve it, the number of qubits required is equal to the number
of vertices in the graph. Therefore, to solve it with fewer qubits, we need to reduce the number of vertices in the
graph by selecting a subgraph and solving Max-Cut with QAOA on it, and for the remaining part we use classical
algorithms. To formalize this process, we define the notations in Table 2. An exemplary demonstration of this
process can be seen in Figure 2.
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Table 2 Notations for the graph splitting.

Symbol | Description

Go = (Vo, Ep) | the subgraph we select
V1 =V \V, | the remaining vertices
ny = |V1| | the number of remaining vertices
Gy = (V1, E1) | the induced subgraph by V;
Eopp = E\ (EyUE) | the edges between V and V3

Now suppose we select a subgraph of size ng. Once we fix a coloring sq € {0,1}™ of Vj, the cut size in Ejy is
fixed, and we denote it with cuTq (s9). Now, choosing different coloring s; € {0,1}™ of V4 will result in different
cut sizes in the remaining edges of the graph (or formally, £ — Ej), defined as

REM (80, 51) = CUTo1(S0,81) + CUTy (51), (7)

where CUTq1 (s, $1) denotes the number of cut edges in Ep;, and cUT; (s1) denotes the number of cut edges in Fj.
For each sg, there will be an optimal s; that maximizes the size of the cut in the remaining edges of the graph, and
we define this maximum as a function OPT-REM : {0,1}"° — N, defined as follows:

OPT-REM(Sg) = ] gﬁ?ﬁm REM (Sq, $1) (8)
1 )

With the definitions above, Max-Cut problem is now reformulated into

Max-CuT(Q) = %aﬁ {cuTy (s9) + OPT-REM(S0)} . (9)
s0€10,1}™0

Our framework will rely on a classical algorithm that approximately computes OPT-REM(sg), which will be used
in the QAOA circuit to solve (9). We took the liberty of using |z) (z € N) to denote the binary representation of
a natural number x, which is kind of a standard notation in quantum computing literature. In the following text,
we will use OPT-REM’(sg) to denote the approximate solution of OPT-REM(sg), and suppose we have access to the
classical algorithm as an oracle shown below (more discussions on this classical oracle are given in Section 4),

Ooprrint  |50) [0V — |s0) |OPT-REM’ (s0)) . (10)

Here, we need to store the largest possible OPT-REM’(sp) on the second f-qubit register, thus ¢ should be set
[log (|E] — |Eo|)] € O (logn).
Remember in QAOA, to optimize max¢(o,13» C(s), we need to construct the problem unitary, which implements

|s) s e TR C(8) |g) (11)

Accordingly, here, a problem unitary for (9) would be composed of two steps:

‘80> step 1 e_iqk.cuTU(so) ‘30> (12)
step 2 e_ifyk.OPT—RENI"(SU) _e—i’yk'CUTo(SO) ‘80> . (13)

Step 1 The unitary |so) — e~ 7% CUTo(s0) |54} is the same as that in the original QAOA circuit for Max-Cut, and
can be implemented by applying the circuit Figure 1) for all (u,v) € Ep.

Step 2 With the oracle defined in (10), we can implement the required phase oracle

—ivk-OPT-REM’(sq

|50) [OPT-REM’(s50)) + e ) |s0) |oPT-REM(s50)) ,

using only rotation gates, as shown in Figure 3(b). And the overall circuit requires ng + [log (|E| — |Eo|)] =
ng + O(logn) qubits.

Thus, the whole circuit diagram for our new framework is shown in Figure 3(a).

Finally, we discuss what kind of subgraph should be selected and solved using QAOA. When solving the Max-Cut
problem on a graph, clearly a denser subgraph tends to have a larger impact on the overall solution. Moreover,
generally speaking, Max-Cut on dense graphs is harder than it is on sparse graphs. This intuition is supported by
the following facts:
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Uc () | Uc(y2)
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) L |  — — - L
9 Ur(m) w 1 Ur(72)
10 [0) — — — — - .
11 (@)
12
13 90
14 |z0) —| Re (= - 2°) [ e7 202 |y
s B ISR
16
17 |I[_1> _ | z(*'yk . 2271) e—iykmg,lgf—l |£L‘g,1>
18 b
19 (b
20 Figure 3 (a) The circuit implementation of coupled-QAOA, assuming access to an oracle Ogprpev'. (b) The implementation detail for the
21 phase oracle Ug in (a).
22
23 e Planar graph, being sparse, is the most well-known class of graphs where Max-Cut can be solved in polynomial
24 time [42].
25 e There are parameterized algorithms for Max-Cut whose running times are positively correlated with graph
26 density. For example, 2(1=(2/2))n . poly(n) where A is the maximum degree of all vertices [43], 2 - poly(n) where
27 k is the number of crossings in a graph’s drawing (meaning that when a graph is drawn, there will be k crossings
28 between the edges) [44]. The denser the graph is, the longer time it takes for these algorithms to find its Max-Cut.
29 Based on all the observations above, given a graph instance, we will select a dense subgraph and use QAOA to deal
30 with it and classical heuristics to handle the remaining part. This can help us overcome the difficult part of the
31 Max-Cut with quantum computation and tackle the easy part with classical computation, focusing our quantum
32 resources on the hard core of the problem.
33
34 3.2 Performance analysis
35
36 Next, we will analyze the performance of the above framework in terms of approximation ratio and the size of the
37 chosen subgraph (which determines the number of saved qubits).
38 Suppose the classical oracle achieves ac-approximation ratio (0 < ac < 1), that is, for all choices of s, it is
39 guaranteed to output a solution OPT-REM’(s) such that
40
41 OPT-REM’(s)
—_—— > 14
42 OPT-REM(s) e (14)
43
44 or equivalently
45 OPT-REM’(s)
—— = 15
46 OPT-REM(s) act s (15)
47
48 with €5 > 0. As the classical oracle is unable to find the exact solution, the QAOA procedure in our framework
49 might not be able to discover the optimal solution, as it now tries to solve the following optimization problem:
50
51 msax{as + (ac + €4)bs }, (16)
52
53 where a; = CUTq (s),bs = OPT-REM(s). Suppose the QAOA part solves (16) in aq-approximation ratio (0 < aq <
54 1) and produces expected answer Aq, which means
55
Aq
56 > aq, 17
57 maxg{as + (ac +e5)bs} ~ Q (17)
gg then we have the following theorem that guarantees the overall approximation ratio of our framework.
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2
2 Theorem 1 (Approximation-ratio guarantee). Let the classical oracle achieve approximation ratio ac € (0, 1] for
5 the subproblem (8), and let the QAOA routine achieve approximation ratio aq € (0, 1] on the resulting reformulated
6 objective (16). Then there exists a choice of subgraph Go with |Vy| = ng such that the overall approximation ratio
- acq of the coupled method satisfies
g acq > aq(1—2(1—ac) (1-A%), (18)
10 where A = =2 is the ratio between the size of the selected subgraph and that of the original graph.
11 Here we briefly sketch the intuition and the main idea of the proof. We emphasize that it is unavoidable that
12 using a classical oracle that is worse than the quantum counterpart will cause the overall approximation ratio to
13 drop, hence the main task is to bound this drop by selecting a proper choice of subgraph for QAOA. As argued
14 before, selecting a dense subgraph is more beneficial intuitively, and we confirm this rigorously by showing that the
15 drop in approximation ratio can be bounded by a function of A as long as the selected subgraph is reasonably dense.
16 This is helpful as we can eliminate the effect of the choice of the subgraph when analyzing the approximation ratio
17 and only focus on the size of the subgraph we are allowed to select.
18 Before proving Theorem 1, we clarify what we mean by selecting a reasonably dense subgraph. Specifically, we
19 require that the selected subgraph is at least as dense as the average density of the original graph, as formalized in
20 Corollary 1 below.
21 Corollary 1. There is a subgraph Gy = (V, Ey) of ng vertices such that
22
23 [Eol _ mo(no —1)
24 E] = n(n-1)
25 Also, to lower bound the approximation ratio, we utilize the following lower bound of the maximum cut size of
26 a graph, known as the Edwards-Erdés bound.
;; Lemma 1 (Edwards-Erdés bound [45]). For any connected graph G = (V, F), the maximum cut size MAX-CUT(G)
29 satisfies 5 Vi1
30 Max-Cur(G) > % + %
31 Now we are ready to prove Theorem 1.
gg Proof.  (of Theorem 1) The overall approximation ratio acq is defined as
34 _ Aq
Q=" 1
35 maxg{as + bs}
36 - Aq ~max{as + (ac +&5)bs}
37 max{as + (ac + &5)bs} maxs{as + bs}
228) < max{as + (ac + &5)bs}
o =z maxs{as + bs} (19)
41 . maxs{as + acbs}
42 ~HQ maxg{as + bs}
43 < maxg{as + bs} + ming{(ac — 1)bs}
Zaq -
44 Q maxs{as + bS}
45 maxg{bs}
=aq-(1—-(1- — Bl )

5 o (100 )
48 Meanwhile by Lemma 1, we have
49

E -1
50 max{as + bs} = Max-CuT(G) > 1] + 0 ,
51 s 2 4
52 which together with max:{bs} < |E — Ep|, gives us the following inequality
> max b} _ [E-Bol () 2Bpl+n-1
55 max,{as + bs} 1Bl | n1 N 2|E|+n—1)"
36 Letting
>7 _ B __|E|
58 Po = no(no—1) p = n(n—1)’
59 2 2
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by picking a subgraph satisfying Corollary 1, we have pg > p, and thus
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and when ng < n, we have

(9]
N

no(ng—1)+n—1 no(ng—l)—i—ng_n_%
nn—1)+n—1 nn—1)+n  n2’

(G0N0, |
VY]

which finally gives us

(9]
w

maxs{bs}
maxg{as + bs}

(O
[e)}

<2(1-x%)

(9,00, ]
[ BN

and the theorem follows immediately.

o U
[@2aVe]



oNOYTULT D WN =

SCIENCE CHINA Information Sciences Page 10 of 18

Sci China Inf Sci 10

As the framework embeds an ac-approximation algorithm as a subprogram of an aqg-approximation algorithm,
the overall approximation ratio would be lower than aq (otherwise we magically save the number of qubits with no
cost). If we observe the right-hand side of (18), we can see that the final approximation ratio is the product of the
approximation ratio of QAOA and an approximation preserving factor determined by the classical algorithm and
the size of the selected subgraph. We plot the factor in Figure 4. From the figure we can see, the approximation
preserving factor is considerably large. For example, in order to have a 0.9 approximation preserving factor (which
means a acq = 0.9 supposing ac = 1),

e when the classical algorithm is good enough, say ac = 0.82, then we only need to use 0.85n qubits, saving 15%
qubits; or

e when the classical algorithm is terrible, say ac = 0.5, then we need to use 0.95n qubits, still saving 5% qubits
compared to the original QAOA.

More evaluations of the overall approximation ratio guarantee are given in Table 3. From the table we can see that
in order to have a better-than-classical performance, either the aq has to be high, or we need to select a subgraph
that is large enough.

But as a basic requirement, we need to ensure the overall framework achieves better performance than the classical
algorithm (otherwise we can just use the classical algorithm to solve Max-Cut and dump the quantum part). The
following lemma gives a sufficient condition to ensure that requirement, namely, acq > ac.

Corollary 2 (Sufficient condition for quantum advantage). If we select a subgraph of ng vertices satisfying

Corollary 1 and
15/l 1 1
A 1——(— - 20
>\/ 2<aQ+1—ac aQ(l—ac)>’ ( )

then acq > ac.

Table 5 The largest problem instance that can be handled
_1(_1 1 1
Table 4 The value of \/1 2 (“Q T imac O‘Q(lf‘*C))' while keeping acq > ac.
e 085 0.87 0.89 091 093 095 0.97 0.99 aq = 0.97 aq = 0.95
aQ Approx
ac = 0.91 ac = 0.89

0.85 1.00

Device no max n An max n An
0.87 0.96

Maryland 40 49 9 47 7
0.89 0.92 096 1.00

Sycamore 53 65 12 62 9
0.91 0.88 091 0.95

Zuchongzhi2 66 81 15 78 12
0.93 0.84 0.87 090 094 1.00

TonQ 79 97 18 93 14
0.95 0.81 0.82 0.84 0.88 0.92 1.00

Eagle 127 156 29 150 23
0.97 0.77 0.78 079 081 0.84 0.89 1.00

Condor 1121 1379 258 1330 209
0.99 0.73 0.73 0.74 074 075 0.77 0.81 1.00

We observe the right-hand side of (20) is considerably small, see Table 4. For example, if the classical approx-
imation ratio ac = 0.89 and the QAOA approximation ratio aq = 0.95, then by Table 4 and we can save up to
1 —0.84 ~ 16% qubits. This result will help us extend the power of quantum optimization to graphs whose sizes
are larger than the quantum computer we have, see the illustrative plot Figure 5. Given a certain quantum device
of ng qubits which is used to solve Max-Cut on larger graphs, the approximation ratio will drop bit by bit as the
graph size increases, until it reaches the point where the approximation ratio is no longer better than the classical
algorithm. This point, denoted by maxn, is the maximum problem size that can be solved with this device using
our framework. And An, the difference between maxn and ng, is the maximum amount of qubits that can be
saved. For illustration, we list a table that shows the corresponding largest problem instance that can be solved on
current quantum computers, see Table 5. In this table, the ny column stands for the actual number of available
qubits, maxn stands for the maximum problem size that can be solved with this device using our framework and
A indicates the difference between n and ng.

There is a trivial approach that takes the spirit of the naive algorithm mentioned in Algorithm 1, which achieves
1

5-approximation on OPT-REM problem: when a color of Vj is fixed to sg, we can just uniformly and independently

color each vertex in V;. Substituing ac = % into (18), we have a simple lower bound:

acQ > aqQ - A2,
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Figure 5 An illustration of the effect of our method. Figure 6 The approximation ratio acq with respect to the size ratio

A and aq, when ac = 0.5.

In this case, the approximation preserving factor becomes A2, which is considerably small. We plot approximation
ratio in Figure 6. Even if the goal is just to achieve 0.9-approximation on Max-Cut (which is not high considering

classical computation achieves 0.878), only a small portion of qubits can be saved. However, it is worth mentioning
that the larger the device is, the more effective this method will be. So although this trivial ac = % case is not

practically meaningful at present, it may become useful in the future as the quantum computers scale up.

4 Numerical results

1.00
0.9950

0.99

0.98
© 0.9778
=
=
—
g 097
2
g 0.9643
é 0.96
—
2
a
< 3
0.95 | 4 »
* | I
0.94 -
—=— QAOA coupled local search
o QAOA in QAOA
0.93 = —«— Goemans-Williamson
I I I I I I I I I I I
0 10 20 30 40 50 60 70 80 90 100

random seed

Figure 7 We generate 24-vertex Erdds-Rényi graphs with 0.8 connectivity and use 18-qubit QAOA to solve Max-Cut on them. The blue
line (QADA coupled local search) shows the approximation ratio given by our method, the orange line (QAOA in QAOA) by the method in [29] and
the green line (Goemans-Williamson) by Goemans-Williamson algorithm. We can see from the plot that on most instances our method gives
better results. In fact, our method outperforms the other two in 96 out of the total 100 instances. The three horizontal lines show the average
approximation ratio given by the three methods, and our result is clearly better. The shaded areas around the lines indicate the standard
deviations, which are 2.627 x 10~ (blue), 9.575 x 10~3 (orange) and 8.413 x 10~3 (green), respectively.

This section is composed of two parts. As the previous section assumes access to an oracle (10) based on a
classical algorithm, we now discuss how such an oracle might be built. Building such an oracle proves to be hard as
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we only allow o(n) space overhead (which is discussed in detail in the following text), but we point out a possible
direction that is supported by numerical results. For the second part, we propose a heuristic approach for the
classical algorithm and perform some numerical experiments on 24-vertex Erdos-Rényi graph 0.8 connectivity using
18 qubits. Our method is compared with Goemans-Williamson algorithm and previous work [29], and the results
are shown in Figure 7. We can see that our method with 18 qubits is still able to outperform Goemans-Williamson
algorithm by a lot, and outperforms [29] most of the time.

4.1 On implementing the classical algorithm solving opt-rem

Review the definition of OPT-REM (given in (8))

OPT-REM(sg) = . e%aﬁm REM (S0, 51) -
1 ’

The problem above is a variant of Max-Cut. If we choose Vy = @), then CUTg;(s0,51) = 0 and OPT-REM will
degenerate to Max-Cut problem on GG;. Thus, OPT-REM problem is as hard as Max-Cut problem, and in appendix D,
we demonstrate a polynomial space approximation algorithm that solves OPT-REM problem with .878 approximation
ratio. The algorithm described in D naturally gives rise to a quantum circuit with a polynomial number of auxiliary
qubits — which is not tolerable as our goal is to save qubits. In fact, due to [46], we know no classical algorithm can
break the trivial % approximation ratio for Max-Cut with o(n) space. Thus, there is no suitable classical algorithm
solving OPT-REM that can be straightly implemented on a quantum circuit to achieve (10). However, we only care
about the number of qubits needed in our framework, which means we can use arbitrary (polynomial) classical
space to prepare for the quantum circuit, which circumvents the constraint from [46].

When solving OPT-REM, we can do brute force, i.e., enumerating all possible s; and take the maximum as defined
in (8). The brute force method is inefficient, and we want to do pruning to reduce the search space. Intuitively,
some s; is unnecessary to be tried. For example, if CUT; (s1) is too small, then this s; is unlikely to be selected as
the optimal choice for any so. We then give the following definition:

Definition 1 (a-guarantee set). For arbitrary fixed approximation ratio requirement «, there is a set T C {0, 1}™

such that

max REM (g, $1)

Vsg € {0,130, 26T 5 o 21
s0 € {0,1} OPT-REM(s0) ~ = (21)

We call such set 7" an a-guarantee set.

We ask, what is the minimum number of s; elements that a a-guarantee set should contain? This problem
is important because a small a-guarantee set straightly leads to an efficient optimization workflow (described in
Section 4.1). We manage to show numerically that for Erdés-Rényi graph considered in this work, an a-guarantee
set is considerably small. Our workflow is as follows: for a fixed graph, instead of finding T satisfying (21) directly,
we select a subset U of {0,1}"* and use an inefficient brute-force algorithm to search for Ty such that

Hla%{ REM (80, 51)
Vso € U, 250 > a. 22
B0 T P REM(s0) (22)

By gradually grow U to {0,1}™, we see that the |Ty/| we obtain grows almost linearly with log |U|, see Figure 8(a).
This slow speed of scaling indicates that an a-guarantee set should a have polynomial size with respect to n;.

Moreover, we also observe, that for a fixed graph, when we compute Ty for different U of the same size, |Ty|s
display signs of concentration, as seen in Figure 8(b). This concentration suggests that when we add elements into U
one by one, |Ty| grows following an almost identical speed to a final result, regardless of the order of elements added.
This phenomena also supports that |Ty/| grows linearly with log |U|. Details on the methodologies of computing Ty
and more numerical results are given in Appendix B.

Now we will further support our assertion that a-guarantee sets are small by providing some analysis for large
Erdés-Rényi graphs , as shown in the following lemma:
Lemma 2 (a-guarantee set size for large Erdés-Rényi graphs). For large random Erdds-Rényi graphs and ng, «
satisfying =0 > 52— then with high probability we have an a-guarantee set of size 2.

See appendix E for a detailed proof. This result states for Erdés-Rényi graphs, if ng/n is sufficiently large, the
a-guarantee set size is a constant regardless of the graph size. This provides strong evidence that the a-guarantee
set will be small for graphs with much symmetry. But our current result only applies to Erdos-Rényi graphs and
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Figure 8 (a) The increment of |Ty| with n = 35, n = 28, @ = 0.9, averaged over 20 random Erd&s-Rényi graphs and 20 random permutations.
A straight line (gray) is added for reference. (b) The concentration of |Ty | for fixed graphs and |U|, respectively generated using graphs with
random seeds 0 and 1. The solid line indicates the average size of [T/ |, while the shaded area shows the minimum and the maximum of |Ty |
over all samples and graphs.

large no/n, and it is of great interest to generalize the results to other graph ensembles which, along with how to
efficiently find a small a-guarantee set for arbitrary graphs, remains for future work to tackle.
With an a-guarantee set T', the approximate solution to OPT-REM will hence be

OPT-REM’(Sg) = max REM (sg, 51) - (23)

s1€

Assuming QAOA achieves approximation ratio aq, then we are promised to obtain a cut solution with a size of at
least

aq - < max {CUTq (so) + OPT-REM’(SO)})

s0€{0,1}m0
=agq - max CUTy (o) + max REM (s, $1) (24)
so€{0,1}m0 s1€T

= . CUT REM
glg;{% soe%?ﬁno{ 0 (s0) + (80751)}}

The equation above suggests we can fix s; and solve

max {CUTq (So) + REM (sg, $1)}
506{071}"’0

=CUT (81) +  max {CUTO (80) + CUTol(So, 81)} R
s0€{0,1}70

and take the maximum output overall s;. And the optimization

max {CUTq (so) + CUTgy (80, 51)} (25)
so€{0,1}m0
can also be tackled with QAOA, which gets at least aq of the optimum. Thus, we can use QAOA to approximately
solve (25) for all s; € T, and take the maximum answer. The procedure described above achieves solutions no worse
than (24), meaning that this multiple QAOA procedure shares the same performance guarantee with the previous
procedure described in Section 3 using one single QAOA. The overall procedure is demonstrated using an example
in Figure 9(a).
Now it remains to show how to solve (25) with QAOA. That is, we will need to implement

‘$0> — e—ifyk.(CUTo(so)+CUT01(so,sl)) |30> ) (26)
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Figure 9 (a) Overall workflow. From the original 20-vertex graph shown in %, we select a 15-vertex dense graph, which is colored blue in .
There exists a .878-guarantee set with 4 elements and is represented with unfilled and filled orange vertices in #ii. Based on these 4 elements,
we can generate 4 QAOA circuits that look like (b), and running optimization separately gives us 4 possible solutions in v, from which we take

the first solution, being the optimum, as our final solution. (b) The circuit for |so) —» e~ 17k (CUT0(s0)+rEM(50,51)) |5,
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The first part is easy, and it can be done with Figure 1(b) as we have discussed before. For the second part, we
use so(u) to denote the color of vertex u in sg, and s;(v) for the color of vertex v in sy, then

cuTor(s0,81) = Y [so(u) # s1(v)]

(u,v)€EE01

Y Y i) = sofw). 27

ueVy veVIA
(u,v)EEop1

For convenience, let A, o/1(u € Vo) be the contribution from (u,v) € Eoi(v € V1) to cut when u is colored 0/1, i.e.,

Avon = Z [s1(v) = 1/0], (28)
veVIA
(u,v)EEm

then

CUTo1(50,81) = Z A, so(w)- (29)
ueVy

So, for the u-th qubit with state 0/1, we need to add a phase factor e~ Auwo/1. This can be done with a single Ry
gate. Therefore, the overall circuit for (26) as a part of the QAOA for solving (25) would look like Figure 9(b). This
circuit consists of only CNOT and Ry gates and, therefore remains NISQ-friendly. We can see from the analysis
above, analogous to the original Max-Cut problem (6), problem (25) has a similar Hamiltonian representation

Z (Au,l > A%O)Zu + Z ZuZy, (30)

% (u,v)€Eo1

which consists only of one-local and two-local terms.

For a a-guarantee set T', the method described in this section requires |T'| runs of QAOA optimization. Hopefully,
for graphs with certain properties, we can theoretically derive that there exists T such that |T| € poly(n), but even
if no theoretical bound can be estimated, a practically acceptable size will still be enough. So it will be of significant
interest to design a practical algorithm that constructs a moderate-size T', with or without a polynomial bound for
its size.

4.2 A heuristic approach based on local search

In order to demonstrate the viability of our coupling framework for QAOA circuit design, we set up experiments
to show its performance when it is applied to real Max-Cut instances. As pointed out in previous sections, currently
we are not able to efficiently construct a-guarantee set as required, so a heuristic method needs to be devised.

Here we give a heuristic method that converges in polynomial time and demonstrate its numerical results compared
with previous methods. Our method is to first fix a coloring s; of V7, and update the chosen s; following a local search
scheme to gradually reach a good result. The overall structure of our heuristic method will look like Algorithm 3.

We also tested the algorithm proposed by [29] for comparison.!). We strengthen that [29] is able to split the
graph arbitrarily so it is able to solve larger Max-Cut instances using small-scale quantum computers, but here we
only consider such occasions that the number of qubits is slightly smaller than the graph size, and we demonstrate
that our method has the potential to make better use of such amount of available qubits. The numerical results are
shown in Figure 7.

In order to show the scaling performance of our coupling method, we provide some more numerical experiments
on various graph sizes. Note that as the cost of QAOA simulation and parameter optimization is really high, in this
section, we just assume that QAOA achieves some certain approximation ratio aq in our numerical experiments.
In other words, we do not perform QAOA simulation and parameter optimization, but just return aq times the
optimum solution when given a problem Hamiltonian. This will allow us to perform larger-scale experiments faster,
giving us more sufficient statistical data. The results are shown in Figure 10.

1) The datasets and the source code that generates them are available at [47].
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Algorithm 3 Coupling QAOA with local search

Require: A graph G = (V, E).
Ensure: An approximate Max-Cut value.

1: Function QAOASOLVE(s1):

2:  H < the Hamiltonian defined by (30)

3. return maxg~ (3,v|H|3,7)

4: Find a dense subgraph Gy = (Vp, Ep) for G
5: §1 < an initial coloring for V3
6
7
8

: ¢+ QAOASOLVE(sy)
: while true do

for v € V] do
9: s} « s1 with the color of v flipped
10: ¢+ QAOASOLVE(sy)
11: ry (¢, 8))

12z end for
13 (d,8)) + maxr
14:  if ¢/ > ¢ then

15: (c,81) « (c,s))
16: else
17: break

18:  end if
19: end while
20: return c

5 Summary and discussion

In this work, we propose a coupling framework for QAOA circuit design and demonstrate it using Max-Cut as
an example. Our method replaces a certain portion of quantum computation with classical computation to save
quantum resources at the expense of losing a bit of approximation performance.

Our method relies on an efficient quantum-implementable classical algorithm that approximately solves the
OPT-REM problem defined in (8). As the problem is as hard as Max-Cut and the classical algorithm can only
consume o(n) qubits when implemented as a quantum oracle, currently we are not able to design a classical
algorithm as required, but we present some numerical observation that will lead our way towards a possible solution.
However, despite designing a required algorithm with a theoretical guarantee being hard, we give a heuristic method
inspired by the local search algorithm. Numerical experiments show good performance which suggests our coupling
framework might be able to help give more satisfactory solutions to larger Max-Cut problem instances using currently
limited number of qubits. Future work remains to design a classical algorithm that solves (8) with rigorous analysis
and performance guarantee.

Moreover, our framework applies not only to Max-Cut problem. In [48,49], the Ising formulations of many
hard problems are given, which enable us to solve them using quantum adiabatic algorithms and QAOA. It is
an interesting direction for future work to explore the applications of our framework to other combinatorial opti-
mization problems. For problems with similar structures to Max-Cut, such as number partitioning, we expect a
straightforward generalization. For other problems, the generalization would be more non-trivial but still possible.
Acknowledgements This work was supported in part by Quantum Science and Technology-National Science and Technology Major Project

under Grant No. 2024ZD0300500, National Natural Science Foundation of China Grants No. 92465202, and Beijing Natural Science Foundation
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